We present an analytical model that gives the values of squeeze film damping and spring coefficients for MEMS cantilever resonators taking into account the effect of flexural modes of the resonator. We use the exact mode shapes of a 2D cantilever plate to solve for pressure in the squeeze film and then derive the equivalent damping and spring coefficient relations from the back force calculations. The relations thus obtained can be used for any flexural mode of vibration of the resonators. We validate the analytical formulae by comparing the results with numerical simulations carried out using coupled finite element analysis in ANSYS, as well as experimentally measured values from MEMS cantilever resonators of various sizes vibrating in different modes. The analytically predicted values of damping are, in the worst case, within less than 10% of the values obtained experimentally or numerically. We also compare the results with previously reported analytical formulae based on approximate flexural mode shapes and show that the current results give much better estimates of the squeeze film damping. From the analytical model presented here, we find that the squeeze film damping drops by 84% from the first mode to the second mode in a cantilever resonator, thus improving the quality factor by a factor of 6 to 7. This result has significant implications in using cantilever resonators for mass detection where a significant increase in the quality factor is obtained by using a vacuum.
Introduction
MEMS cantilevers are one of the most popular resonators used in various applications of micro and nano technologies today. The simplicity of the structure, the ease of fabrication over a wide range of dimensional variations, and the ease of excitation and resonance measurements are primary reasons for its popularity. As a resonator, the most important characteristics of a cantilever beam or plate are its resonant frequency and the quality (Q) factor. In particular, the Q-factor-a measure of sharpness of the resonant peak-becomes the most crucial characteristic of the beam when one considers applications that are based on the fine resolution of the resonant peak shift. In recent times there have been several studies where cantilever resonators have been used for extremely small mass detection such as those of biological molecules or viruses [1] [2] [3] . One of the key requirements in such applications is a high Q-factor of the resonator. For high Q-factor, one must minimize damping and push the resonant frequency as high as possible. In resonant devices operating under ambient conditions, the squeeze film damping from trapped air is probably the most dominant mechanism of damping [4] . Although one can package these devices in a vacuum to get rid of this damping, it is not always desirable or even practical to vacuum seal all such devices. In such cases, it is imperative to understand and model the squeeze film damping in these structures as accurately as possible. As we show in this study, such modeling can provide insights into reducing the effect of squeeze film damping significantly and thus help in increasing the Q-factor. Squeeze film damping has been extensively studied for different cases of parallel plate motion, rigid motion of nonperforated [5] [6] [7] [8] [9] and perforated structures [10] [11] [12] [13] [14] [15] [16] [17] [18] , as well as flexible structures [17, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] with thin to ultra-thin gaps and from smooth to rough surfaces [7, 29] . Here, we study the effect of non-uniform gap variation between the oscillating structure and the fixed substrate as shown in figure 1(b) on the squeeze film damping due to flexibility of the structure.
Since there are many elastic structures, such as cantilever beams, membranes and thin plates, that oscillate with nonuniform displacement along their lengths even in the first mode of vibration, the analytical formulae, which are derived based on the assumptions of uniform gap thickness, cannot give accurate results for these devices. Moreover, the degree of non-uniformity in the displacement increases even further if a device oscillates in higher modes. To find the squeeze film damping for a system where the displacement is non-uniform, the elasticity equation that gives the dynamic displacement has to be coupled with the conventional Reynolds equation [5, 6] .
There are various approaches which are proposed to get the approximate solution of the coupled equation of elasticity and the Reynolds equation using numerical or semi-numerical techniques. Neyfeh and Younis [19] have proposed a semianalytical approach by first using perturbation techniques to linearize the coupled equations and then solving those equations using finite-element techniques in order to calculate the Q-factor of the structure. Hwang et al [20] have proposed a numerical method to calculate the damping for different modes of the oscillating structure by solving the Reynolds equation. Since the computations involved are intense and time consuming, Hung and Senturia [21, 22] have proposed a low-order model for fast dynamical simulation by extracting basis functions from a few FEM simulation results to calculate the damping. De and Aluru [24] have also used numerical methods to solve the coupled equation involving fluid-structure interaction. Although, all the above techniques seem to yield good results, they are not easy to apply even for a simple structure like a microcantilever beam. To make the analysis simple and accurate for various geometries, Mehner et al [26] [27] [28] have proposed a modal projection technique that provides an efficient method to compute squeeze film damping parameters for flexible structures. Their approach involves the extraction of different modes using structural analysis and then solving the Reynolds equation to calculate the damping and spring forces corresponding to the different modes. A similar approach is followed in commercial FEM packages such as ANSYS [30] for reducing the time required for solving coupled equations. Among analytical approaches, Darling et al [23] have proposed to use an approximate mode shape for the first mode of vibration of a flexible structure for solving the Reynolds equation. But this approximation gives about 20-25% error. We have also used approximate mode shapes of a fixed-fixed beam in solving the Reynolds equation in one of our earlier work [17] . Zhang et al [25] have derived an accurate analytical model to account for the flexibility effect in a fixed-fixed beam oscillating in its first mode.
In this paper, we derive an analytical (compact) model for squeeze film effects in a cantilever resonator using exact mode shapes of the cantilever covering all bending modes of vibration. Next, we evaluate the squeeze film damping in microcantilever beams of different lengths using the modal projection technique available in ANSYS [30] for several flexural modes of vibration. This method makes use of the elasticity equation to find the beam or the plate deflection. Then the Reynolds equation is solved to calculate the back pressure. To model the squeeze film damping using ANSYS, while considering the flexibility of the vibrating structure, we use FLUID 136 elements to model the air-film and SOLID 45 elements to model the structure. We then numerically evaluate the damping ratio of the fluid-structure system. The rarefaction effect, which comes into play when the airgap thickness between the vibrating structure and the fixed substrate becomes very small, is considered by using the effective viscosity [31] . To validate and compare the analytical as well as the numerical results, we perform experiments on some MEMS cantilever beams using Polytec's scanning laser vibrometer [32] . Using the half-width method [33] , we calculate the damping ratio corresponding to different modes from the frequency response curve. Finally, we compare the experimental results with those from the numerical and the analytical model for microcantilever resonators of length varying from 150 µm to 350 µm.
Theory
Here, we briefly discuss the governing equations of fluidstructure interaction in squeeze film modeling due to elastic structural vibration. We also outline the numerical, experimental and analytical procedures to calculate the damping ratio.
Numerical procedure
The theory of elastohydrodynamics used for determining the effect of flexibility on squeeze film damping involves the coupling of plate vibration equations and the Reynolds equation under the assumptions of small strains and displacements. Under this condition, we obtain the linear equation of motion that governs the transverse deflection of the plate [19] 
where p a is the ambient pressure, h 0 the nominal air-gap thickness, h = h 0 +w(x, y, t) is the variable air-gap thickness, µ eff is the effective dynamic viscosity of air in the gap which accounts for the rarefaction effect through the Knudsen number, Kn = λ h0 = 0.0064N/m pa h0 [34] . Here, we use Veijola's model [31] for estimating the effective viscosity, which is given by
where µ is the dynamic viscosity of air under the STP condition. To obtain the pressure distribution corresponding to different modes of vibration, equations (1) and (2) are solved simultaneously with appropriate boundary conditions. For solving Reynolds equation, the pressure variation p is taken to be zero on the open boundaries (free edges) while the pressure gradient is taken to be zero on the fixed side. In ANSYS, the structural domain is modeled with SOLID45 elements while the fluid domain is modeled by FLUID136 elements. We now outline the modal projection technique used in this study to extract the damping and spring constants due to the squeeze film flow. For further details, the reader should refer to Mehner et al [27] .
(i) First, the modal analysis of the elastic structure is carried out using the finite-element method to extract the resonant frequencies and the eigenvectors of different modes by solving equation (1) without any forcing term. After finite element discretization, equation (1) can be written in the matrix form as 
then the eigenvectors and the resonant frequencies can be calculated from the dynamic equilibrium equation:
Based on the orthogonal properties of eigenvectors, we get the following expression for the resonance frequencies corresponding to different mode shapes:
Letting,
where M * i and K * are the modal mass and stiffness of the structure corresponding to the ith eigenvector φ i and the resonance frequency ω i .
(ii) Now, the squeeze film model (which is meshed with FLUID136 elements) is excited by wall velocities corresponding to the values of the ith eigenvector. The harmonic response analysis is carried out to compute the pressure response over the entire domain. (iii) After integrating the element pressure, the nodal force vector is calculated at each frequency as
where N T is the finite element shape function, q i is the ith modal coordinate and φ i is the ith eigenvector.
(iv) The total modal force corresponding to each mode is calculated as
(v) The damping and spring coefficients of the squeeze film are calculated from the real and imaginary parts of the modal forces:
The damping and spring coefficients of each mode due to the squeeze film are the main diagonal entries C ii and K ii . Off-diagonal terms (i = j) represent the fluidic cross-talk among modes which occurs in the case of asymmetric air gap. (vi) Finally, the damping ratio ξ i and the spring ratio K ratio , which is defined as the ratio of the spring constant due to the squeeze film to the structural stiffness K * , are calculated from the following expressions:
where M * i is the modal mass corresponding to the eigenfrequency ω i . (vii) Steps (ii) to (vi) are repeated to find the damping ratio and the spring constant for the next eigenmode. camera port to create a laser spot on the structure, a junction box fitted with an internal function generator used to generate dc offset and ac signal for exciting the device under testing, and the vibrometer controller (OFV 3001) that measures the out-of-plane voltage/velocity/displacement. The working principle of the set-up is schematically shown in figure 3 . The experimentation involves electrical excitation (say V input = V dc + V ac , where V ac V dc ) that causes the suspended structure to vibrate with respect to the substrate. The V dc is selected such that it is 20% of the pull-in voltage of the structure to avoid the spring softening effect. Then, a small value of V ac is used to oscillate the structure. The spot laser beam from the interferometer in the scanning head is positioned on a scan point on the object by means of mirrors and is scattered back. The back-scattered laser light interferes with the reference beam in the scanning head. A photo detector records the interference. A decoder in the vibrometer outputs a voltage which is proportional to the velocity of the scanned point parallel to the measurement beam. The voltage is digitized and processed as the vibrometer signal. The output signal can be obtained as a velocity or displacement signal using the velocity or the displacement decoder.
Experimental procedure
To measure the damping ratio and the damped natural frequency of the structure, we apply a pseudorandom signal of voltage V input during the experimentation. After averaging the FRF of the output signal over ten times to reduce the noise, we apply the half-width method [33] to calculate the quality factor in all modes and then the corresponding damping ratios. The expressions of the experimental quality factor Q exp and the damping ratio ξ exp are given by
where f 1 and f 2 are frequencies at which the amplitude of the output signal is 1/ √ 2 times the maximum amplitude at the resonance frequency f d . The procedure is repeated about ten times, and finally the average value of Q exp is recorded. Here, we must mention that it is also possible to extract damping and compute Q using modal analysis. In particular, experimental modal analysis becomes indispensable for damping extraction when there is considerable modal interaction (coupling) and the modes overlap in the experimental data.
Analytical model
We derive analytical formulae for the squeeze film damping and spring constant for a cantilever beam using exact mode shapes of the beam oscillating in bending modes. We assume a 2D geometry, i.e., a plate, so that beams of varied planar aspect ratios (width/length) can be effectively dealt with. The exact mode shapes of such a cantilever plate are given by [35] ,
where α = 1.875 104 for the first mode, 4.694 091 for the second mode, 7.854 757 for the third mode, etc, and
Note that the bending is assumed to be negligible along the width of the plate. Now, if the displacement amplitude at the tip is taken as the generalized co-ordinate Z(t), then the displacement may be expressed as [33] w(x, y, t) = (x, y)Z(t) (16) about the static equilibrium position. Assuming sinusoidal motion Z(t) = δe iωt , the corresponding non-dimensional pressure distribution P (x, y, t) = p(x, y, t)/p a can be obtained by solving the governing equation (given by equation (2)) with the following boundary conditions:
where p a is the ambient pressure. The normalized pressure distribution under the vibrating flexible plate is obtained using Green's function approach [23] and is given by
where [γ sin(α) + cos(α)]
The total generalized reaction force F (t) on the moving plate is calculated by integrating the pressure distribution p a P (x, y, t) over the domain S = {(x, y)|0 x L, −W/2 y W/2}. So the net force after normalizing it with LWp a is given by
Now, the non-dimensional damping force f d and the spring force f s are calculated by separating f tot into imaginary and real parts, respectively. Taking the absolute value of the non-dimensional damping and spring force, we get
where
is the well-known squeeze number [5] that captures the compressibility effect, and χ = W L is the aspect ratio of the cantilever structure. Generally, W is the smallest dimension chosen out of length L and width W of the rectangular structure (in this case, we have taken width W as the smallest dimension). At the cut-off squeeze number, σ cut-off , damping and spring forces become equal. If only one term is taken in the summation of equations (21) and (22) , then the cut-off squeeze number is approximated by
The corresponding analytical damping constant C a and the spring constant K a are given by
On substituting the value of squeeze number σ in the common term, we get the following expression for C a ,
Equation (26) gives the damping constant due to the squeeze film in a cantilever structure in bending modes of vibration. Here, we point out that the effect of different modes comes through b m . If m eff = ρLW t b 1 0 φ 2 (X) dX is the effective mass of the beam oscillating in its nth resonant mode, and ω n is the resonant angular frequency, then the damping ratio is defined as [35] 
After substituting the expression of C a in ξ , we get the following expression of ξ a
which is obtained by substituting 1 = , which is the undamped resonant angular frequency corresponding to the nth mode of the beam with Young's modulus E and density ρ. The value of α b = 1.875, 4.694, 7.855 for the first, second and the third out-of-plane vibration modes of the cantilever beam.
Comparison with other analytical models.
There are other simple analytical models that can be used, if appropriate, to predict the modal damping in cantilever resonators due to the squeeze film. The closest among them is the 1D beam model based on exact mode shapes of a 1D beam [6] . Since MEMS cantilever resonators seem to have a fairly wide range of length to width aspect ratio, depending on their application, it is important to see how the proposed model compares with the existing 1D models. In addition, it is also instructive to compare the proposed model with the simplest known model of rigid parallel plate motion. We now discuss these comparisons before we get into a detailed discussion of comparisons among the numerical, experimental and the proposed analytical model results.
(i) 1D beam model. Under the conditions of incompressible
and non-inertial flow, the squeeze film damping coefficient with 1D flow assumption across the width of the beam, where the length L of the beam is very large compared to its width W , is given by [6] 
where m eff = ρLW t b 1 0 φ 2 (X) dX and X = x/L. The damping ratio is given by We find that ξ 1D holds good only if χ 0.1 with an error of <10%. The numerical and analytical results, which are based on 2D flow, match well with an error of <5%. MEMS cantilever resonators with χ > 0.1 are quite common. We see here that for a cantilever resonator even with a small χ = 0.2, the 1D model gives as much as 25% error.
(ii) Rigid parallel plate motion model.
When the displacement is assumed to be uniform along the length and the width of the beam as shown in figure 1(a) , then the damping coefficient can be obtained from Blech's formula [5] which is obtained by solving equation (2) analytically:
If we compare C a from equation (24) with C rigid , we find that there are two main differences: first, the term mχ in C rigid is replaced by mχ/2 in C a which is because of the noflow boundary condition on the fixed end of the cantilever structure; second, the inclusion of an expression b m due to the non-uniform gap variation in C a (b m = 1 in C rigid because of uniform gap variation). On comparing C a and C rigid , we find that the effect of flexibility can also be modeled by taking an equivalent air-gap thickness h eq (>h 0 ) in the rigid plate formula (see Appendix).
Results and discussion
We now present the results of analytical, numerical and experimental studies. The experimental results are used to validate the numerical and the analytical models. Since, the experiments are carried out on resonators of different lengths, we first compare the results from all the three studies for beam for the characteristic flow length h 0 , the air density ρ a = 1.2 kg m −3 , and the effective air viscosity µ eff , is 1.0 × 10 −6 × f . The frequency limit corresponding to Re = 1 is thus f = 1 × 10 6 Hz. So, the inertial effect can be ignored if the operating frequency is less than 1 MHz. The Reynolds equation of the form given by equation (2), which neglects the inertial effects, is valid for operating frequencies that are less than 1 MHz. Therefore, it can be used to solve the squeeze film problem without any significant error from ignoring the inertial effects.
We perform experiments on five MEMS cantilever resonators of length varying between 150 µm and 350 µm while rest of the dimensions are kept the same. To perform experiments, we use a Polytec scanning laser vibrometer (PSV) and follow the procedure outlined in section 2.2. We use pseudorandom signals of different voltages V input = V dc + V ac to excite the resonators. Controlling the input voltage is very critical as a large V dc can cause the vibrating structure either to get stuck to the substrate if V dc V pull-in or reduce the over-all stiffness of the structure due to the spring softening effect if V dc < V pull-in . Therefore, we keep the excitation voltage in the range of 10% to 20% of the pull-in voltage. The maximum displacement corresponding to the input of 10-20% of the pull-in voltage is less than 6% of the nominal gap thickness. Since the oscillatory motion under small vibration amplitude is governed by the linear equation of motion, the important design parameters such as the resonant frequency and the damping ratio can be easily extracted from the formulae based on the equation of linear oscillations. After applying the input signal, we choose scan points on the top surface of the vibrating structure to measure the resonant frequencies and the corresponding mode shapes from the frequency response curve of the structure as shown in figure 6 . The experiment is repeated ten times and then the average value of the resonant frequency is recorded. Figure 6 is the frequency response curve (obtained from the velocity decoder) of the cantilever beam of length 350 µm which shows three resonant peaks corresponding to the first three out-of-plane modes. The mode shapes shown as a subset of figure 6 are experimentally captured modes. Finally the damping ratio is calculated from equation (14) by applying the half-width method.
The first resonance frequency, the corresponding Reynolds' number, the squeeze number and the Knudsen From table 1, we find that the Reynolds number and the squeeze number are small compared to 1, so the inertia and the compressibility effect can be safely neglected in the numerical or the analytical modeling of the squeeze-film effect.
To model the effect of squeeze film numerically or analytically due to inertialess flow, one needs to solve the Reynolds equation, which is given by equation (2) . Since equation (2) is the linearized Reynolds equation, the displacement of the air gap should be very small, preferably less than 10% of the nominal gap thickness h 0 .
To numerically estimate the damping ratio due to squeeze film for the cantilever beam oscillating in the first or the higher modes, the coupled equation of elasticity and the Reynolds equation are solved using the modal projection technique explained in section 2.1.
To ensure convergence, we first do several simulations for a beam of length 350 µm. We find that the numerical damping ratio for the first mode of vibration is within 1% of the converged value of ξ ref (corresponding to 30 456 elements) if the fluid volume is meshed with more than 5000 elements (see figure 7) .
The effect of vibrational mode shape on squeeze film damping is a manifestation of the effect of the mode shape on the pressure distribution in the fluid film. Figures 8(a) and (b) clearly show the difference in the pressure variation in the fluid film in the first two modes of flexural vibration. For comparison, we also plot the pressure distribution in the most commonly used parallel plate motion in 8(c). If we compare the pressure distribution in all the three cases, we observe that the maximum back pressure on the bottom surface of the moving structure in case (c) is more uniform along the beam length than that in cases (a) and (b) where it is localized only in a small portion. This difference in the pressure distribution ultimately shows up in the computed damping ratios that are tabulated and compared in tables 2, 3 and 4.
Damping in the first mode
In This table clearly shows that the elastic flexure plays a significant role in the damping ratio, and hence in the Qfactor calculation. Assuming rigid motion gives increasingly erroneous values of ξ as the length of the resonator increases. Finally, we remark that the exact mode-shape-based analytical model presented here does better than the approximate mode-shape-based models as we should expect. For example, the model proposed by Darling et al [23] based on a quadratic approximation of the mode shape predicts damping values that are in error by 18% to 25% when compared with the experimental values listed here for the five resonators.
Damping in higher modes
One of the main motivating factors for deriving the analytical model presented in this paper is to predict the damping in higher modes of flexural vibration. In table 4 , we tabulate experimental, numerical and analytical results for the first three flexural modes of vibration of the 350 µm long resonator. We have also included the flow characteristic numbers, Re and σ , in this table for reference. Although the analytical model as well as the numerical model are obviously capable of predicting damping in even higher modes, we were limited in our ability to excite the higher modes experimentally. The results from the comparison of the three modes show the efficacy of the analytical as well as the numerical model. If we compare the damping ratios for the first three modes, we find that the damping effect reduces by 84% and 94%, respectively, in the second and the third modes of vibration. This result is significant because it shows that the Q-factor of a resonator can go up by a factor of 6 to 7 even in the ambient conditions if one uses the second mode rather than the first mode of vibration. This observation has implications in the tiny mass detection applications of the cantilever resonator [3] . It is clear that the analytical model captures the flexibility effect in the higher modes equally well for the cantilever resonator. Finally, as a caveat, we state that the analytical formula presented here does not include inertia effect and, therefore, should be used only as long as Re < 1.
Conclusions
We have presented analytical, numerical and experimental study of the effect of elastic flexibility of MEMS cantilever resonators on the squeeze film damping. The analytical model presented here is derived using exact flexural mode shapes of a 2D cantilever elastic plate. The compact formula thus obtained for computing the squeeze film damping in MEMS cantilever resonators is valid for all flexural modes and beam geometries with a large range of aspect ratios. The model, however, assumes inertialess flow conditions. The numerical studies are based on a coupled fluid-structure finite element model in ANSYS that incorporates modal projection technique for including the effect of elastic flexure. The analytical and numerical results are compared with each other as well as with experimental values of the squeeze film damping obtained from direct measurements of frequency response spectra of MEMS cantilever beams of varying lengths and in different modes of vibration. The results show that both analytical model and the numerical model predict the squeeze film damping values within 10% of the experimentally obtained values. The analytical model is also compared with other analytical models based on approximate mode shapes or 1D beam mode shape and is found to do much better in predicting squeeze film damping.
These results show that both the analytical model and the numerical model can be used very effectively to account for the effect of elastic mode shapes of MEMS resonators on the squeeze film damping predictions. In particular, the analytical model can be used as a very convenient tool by designers to compute the squeeze film damping in MEMS resonators.
as well as on the aspect ratio χ in a non-intuitive manner. However, it is easy to compute h eq from equation (A.1) for a given resonator and then use Blech's formula for computing the squeeze film damping. Unfortunately, there is no saving in effort by following this route.
